, a a a a ξ ξ ξ ξ = + + so the second law of thermodynamics and the generalised second law of thermodynamics is satisfied throughout the evolution. We calculate statefinder parameters of the model and observed that it is different from the ∧CDM model. Finally, some physical and geometrical properties of the models are discussed.
(R, T) = R + 2f(T), where f(T) = λT,
λ is constant. We studied the cosmological model in two stages, in first stage: we studied the model with no viscosity, and in second stage: we studied the model involve with viscosity. The cosmological model involve with viscosity is studied by five possible scenarios for bulk viscous fluid coefficient (ξ). The total bulk viscous coefficient seems to be negative, when the bulk viscous coefficient is proportional to 2 , a a ξ hence, the second law of thermodynamics is not valid; however, it is valid with the generalised second law of thermodynamics. The total bulk viscous coefficient seems to be positive, when the bulk viscous coefficient is proportional to 
Introduction
The idea of the compactification of extra space dimensions of space-time is known as Kaluza-Klein theories [1, 2] . The interesting idea of Kaluza-Klein theory is to unify the gravity and other interactions. The original Kaluza-Klein theory derive with one extra spatial dimension. The appropriate metric tensor for five-dimensional space time is 
The fifth dimension is postulated to be comfactified, rolled-up in a small circle, which provides us the explanation for the unobservability of the extra dimension. Hence, the topology of the five-dimensional space time is M 4 × S 1 , where M 4 is the standard four-dimensional Minkowski space-time and S 1 is a circle with very small radius. The simplest way to imagine space with one extra dimension is to imagine a small circle at every point of three-dimensional space.
The five-dimensional Riemannian geometry [1, 2] and its generalisations of higher dimension have become a more focus of attention for many particle physicists in the past few years. This revival of interest in Kaluza-Klein theory stemmed in the instance from work in string theories [3, 4] and then from the usefulness of extra spatial dimensions in the construction of N = 8 super-gravity theory [5] . In these contexts, it would have been possible to regard the extra spatial dimensions as a mathematical device. However, the researchers took the potentially more fruitful approach of considering them to be genuine physical dimensions which we do not normally observe because they have compactified down to a very small scale. Extra dimensions are undesirable for many reasons. Firstly, they would be tachyons observed in four dimensions. Secondly, there would be closed time like loops leading to world line violate causality. Thirdly, the sign of the Maxwell action would be incorrect. Though the renaissance of KaluzaKlein theory has received a considerable impetus from the possible relevance to supergravity, many theorists have taken the view that extra spatial dimensions may be an ingredient in the unification of all interactions even if supergravity should eventually have to be relinquished. The existence of extra spatial dimensions has only indirect consequences for the (relativity) low-energy particle physics, which is open to experimental investigation either now or in the foreseeable future. However, in the very early universe, all spatial dimensions were of the same scale and participating in the dynamical evolution of the universe. The world may have five dimensions is due to the idea of [1] and [2] . They used one extra dimension to unify gravity and electromagnetism and obtained a 5D general relativity. This idea has been used by many people for studying the models of cosmology and particle physics [6] [7] [8] of the Kaluza-Klein and higher dimensional unified theories [9] . In cosmology of 5D with pure geometry in noncompact KK theory, one does not need to insert matter by hand because the matter is induced in 4D by 5D vacuum theory [10] [11] [12] . Actually, the curvature of 5D space time induces effective properties of matter in 4D. This is a consequence of the Campbell's theorem [13, 14] , which states that any analytic N-dimensional Riemannian manifold can be locally embedded in N + 1 dimensional Ricci flat Riemannian manifold. In this theory, the energy density of scalar field contributes to define the early inflation and late time acceleration which provides extra motivation in solving these problems [15] . Various authors [16] [17] [18] explored this 5D theory by inserting matter instead of pure 5D geometry.
Inflation is an important idea in cosmology. There are two scenarios proposed in Kaluza-Klein cosmology. The first scenario [19] is: the scale of standard three-dimensional space expands when the scale of internal space changes slowly with time. The second scenario [20, 21] 
is: inflation occurs near the singularity a(t) → ∞ , b(t) → 0 (t → t 0 ).
Recently, the expansion of our universe has been in an accelerating way which is suggested by type Ia supernova observational data [22, 23] . The sum of the density parameters of radiation, baryons and dark matter does not exceed 30 % in the present universe. Hence, we need to identify the remaining 70 % of the cosmic matter in the universe. This unknown quantity of component is called dark energy, and it may be a responsible candidate for the present cosmic acceleration of the universe. A number of candidates have been proposed for this mysterious dark energy, including cosmological constant (originally introduced by Einstein). Many models have been proposed to explain this current acceleration. Basically, there are two approaches. The first one is to modify the right-hand side of the Einstein's field equations by considering specific forms for the energy momentum tensor (T μν ) having a negative pressure, which culminate in the proposal of an exotic energy called dark energy. The second approach for explaining the current acceleration of the universe is to modify the left-hand side of the Einsteins field equations, that is, the geometry of the space time. This is the idea of modified gravity. Recently, the modified theory of gravity has become a popular candidate to explain the origin of dark energy. The models that belong to this class (modified gravity) are the so-called f(R) gravity [24] , f(T) gravity [25] , scalar-tensor theories [26] , f(R, T) gravity [27] , etc. Myrzakulov [28] presented a new method to construct particular models of f(R, T) gravity and considered the M 43 -model, deriving its action in terms of the curvature and torsion scalars. Then in detail author studied the M 37 -model and presented its action, Lagrangian and equations of motion for the FRW space time. Finally, they are shown that the model can describe the accelerated expansion of the Universe. Myrzakulov [29] studied dark energy in f(R, T) gravity and showed that for some values of the parameters the expansion of the universe can be accelerated without introducing any dark component. Subsequently, many authors studied some cosmological models in f(R, T) modified gravity for different choice of f(R, T) from various aspects.
Very recent, the concept of viscosity is introduced into dark energy study. Now, it seems to play a more and more important role in constructions of cosmological model. The concept of viscosity has come from fluid mechanics, it is related to the velocity gradient of the fluid and is divided into two classes, bulk viscosity and shear viscosity. Shear viscosity is related to anisotropic space time. Bulk viscosity usually related to isotropic space time. Misner [57] pointed out that during cosmic evolution when neutrinos decouple from the cosmic fluid bulk viscosity could arise and lead to an effective mechanism of entropy production. The isotropic homogeneous spatially flat cosmological model with bulk viscous fluid discussed by [58] . Bulk viscosity related to the grand unified-theory phase transition [59] may lead to explain the cosmic acceleration. The presence of bulk viscosity leads to an inflationary like solutions in FRW space-time obtained by [60] . Johri and Sudarshan [61] studied that the presence of bulk viscosity leads to an inflationary universe in Brans-Dicke theory. Brevik et al. [62] prove, in particular, that a viscous fluid is perfectly able to produce a Little Rip cosmology as a purely viscosity effect. Myrzakul et al. [63] studied inhomogeneous viscous fluids cosmological model in flat FRW space time, in which authors discussed the presence of finite future time singularities. Subsequently, the cosmological models involve with viscous fluid are constructed and discussed by many authors . Recently, Avelino and Nucamendi [85] explained the present cosmic acceleration of the universe through bulk viscous fluid by taking the constant bulk viscous coefficient. In this article, the model proposed by Avelino and Nucamendi [85] has been extended and improved upon to reflect the more general situation. We extend their work into Kaluza-Kelin spacetime and the coefficient of bulk viscous fluid is proportional to the linear combination of three terms, such as 
Review of f(R, T) Gravity
The f(R, T) gravity is a modification of Einstein gravity, in which the Einstein-Hilbert Lagrangian, that is, R is replaced by an arbitrary function R and T, where R is the curvature scalar and T the trace of energy momentum tensor. The modification of Einstein theory is proposed by [27] .
is the action for the f(R, T) modified gravity, where g is the determinate of the metric tensor g μν and L m is the matter Lagrangian density. Here, we consider the system of units where G = c = 1. The field equations for the f(R, T) modified gravity are obtained from the action S given in (3) as
where
∂ are partial derivative with respect to R and T, respectively. If we consider the matter of the universe as a perfect fluid, then the stress energy momentum tensor of the matter Lagrangian is obtained by
and the matter Lagrangian can be taken as L m = −p. The four velocity vector in comoving coordinates system is defined as u μ = (1, 0, 0, 0), which satisfies the conditions u μ u μ = 1 and u μ ∇ ν u μ = 0. Here, p and ρ are the isotropic pressure and energy density of the universe, respectively. We find the stress energy of a perfect fluid as
Now, we can find the different theoretical models for the different choice of f(R, T). Harko et al. [27] considered three different explicit form of f(R, T) as
In this article, authors consider the following form of f(R, T)
The term 2f(T) in the gravitational action modifies the gravitational interaction between matter and curvature scalar R. Using (7), one can rewrite the gravitational field equations defined in (3) as
which is considered as the field equation of f(R, T) gravity for the above particular form of f(R, T). Here the prime stands for derivative of f(T) with respect to T. This is the f(R, T) gravity field equations for the particular case f (R, T) = R + 2f(T).
General Formalism of Equations of Motion
Here we consider the Kaluza-Klein type space-time metric in the form
where c(t) and b(t) are time-dependent cosmological scale factors. The mean scale factor (a) of the cosmological model (9) is defined as ( ) 
The spatial volume (V) for the space time (9) is defined as 
The mean Hubble parameter (H) for the space time (9) is defined as
In this article, we consider the source of gravitation is a combination of perfect fluid and bulk viscous fluid. Therefore, the energy momentum tensor takes the form
where ρ is the energy density, ξ the coefficient of bulk viscosity, p̅ effective pressure, p the proper pressure, and u 
Now using (13) and (15), the field equation (8) for bulk viscous fluid is given by
Using comoving coordinates and (13), the gravitational field equations of f(R, T) gravity (16) with the particular choice of the function f(T) = λT, where λ is an arbitrary constant, for the Kaluza-Klein type space time (9) are given by 
Through the comparisons of viscous and nonviscous models, it is beneficial for us to understand the role of cosmic viscosity, the properties of the cosmic models with common EoS, and further our physical universe more comprehensively.
Cosmology without Viscosity
In this section, we discuss the model with nonviscous fluid. We can choose the equation of state in the following form
where γ is constant known as the EoS parameter lying in the range 0 ≤ γ ≤ 2. In order to get an exact solution of the field equations, we use the following relation
where n is a nonzero real constant. Subtract 19) from (18) and use the condition (21), we obtain
where n ∈ R − {0, −1/3}. Solving (22), we obtain 
Using (23) in (21), we get
The mean Hubble parameter is obtained as
The physical behaviour or dynamics of the standard spatial dimension (c) and the extra dimension (b) with respect to time is given in Figures 1 and 2 , respectively. Please see the Figures 1 and 2 . Using (20) and (24) in (19), we obtain
The deceleration parameter q is calculated as
Generally, the statefinder parameters pair {r, s} is given by [86] 
using (10) and (25) 
Cosmology with Bulk Viscous Fluid
In this section, authors discuss the cosmological model involve with perfect fluid and bulk viscous fluid, in which the bulk viscous coefficient (ξ) is proportional to
, a a a a ξ ξ ξ ξ = + + which is linear combination of three terms, where ξ 0 , ξ 1 , and ξ 2 are three positive constants. The first term is a simple constant (ξ 0 ), the second term is proportional to the expansion rate of the universe, and the third term is proportional to , a a characterising the effect of acceleration of the expansion on the bulk viscous fluid. The motivation of considering this bulk viscosity is that by fluid mechanics. In this article, the model proposed by Avelino and Nucamendi [85] has been extended and improved upon to reflect the more general situation. We extend their work into KaluzaKelin space time and the coefficient of bulk viscous fluid is proportional to the linear combination of three terms, such as
it can be written as,
Here we discuss the cosmological model through the following five cases: Case-I ξ = ξ 0 (the coefficient of bulk viscous fluid has taken as a simple constant)
Case-I (ξ = ξ 0 )
Now using (20) and (24) 
Case-II (ξ = ξ 1 H)
Now using (20) and (24) in (19), we obtain n n n
The bulk viscous coefficient is obtained as
The variation of the bulk viscous coefficient Figure 3 , we observed that the bulk viscous coefficient (ξ) is always positive and decreases to zero as t → ∞ .
Case-III
Now using (20) and (24) in (19), we obtain 8 4 ) 4(8 )( 1 ) 8 3 1 2 n n n n t k
The variation of the bulk viscous coefficient Figure 4 , we observed that the bulk viscous coefficient (ξ) is always negative and decreases to zero as t → ∞ .
Case-IV
Now using (20) and (24) in (19), we obtain 
Case-V
Now using (20) and (25) in (19), we obtain Using (25) in (29), the bulk viscosity coefficient (ξ) can be calculated as
The variation of Figure 5 , it is observed that the bulk viscous coefficient ξ is always positive and decreases to ξ 0 as t → ∞ .
Second Law of Thermodynamics
The local entropy in FRW space time is given by [87] is defined as
We can define for the Kaluza-Klein space time as
where ∇ ν s ν is the rate of generation of entropy per unit volume and T the temperature. The second law of thermodynamics is satisfied if,
which implies from (40) that
and
are obtained from (32), (34), (36), and (38) respectively.
From (43), we found that the dynamics of the bulk viscous coefficient (ξ) is continuously positive throughout the cosmic time 't'. From (45) and (46), we found that the dynamics of the bulk viscous coefficient (ξ) is continuously positive throughout the cosmic time 't' for ξ 1 ≥ 3ξ 2 . Hence, the entropy production rate is positive throughout the evolution of the universe. Hence, the second law of thermodynamics is obey throughout the evolution. However, from (44), we found that the bulk viscous coefficient (ξ) is changing continuously from negative to zero. This indicates that the production rate of entropy is negative. Therefore, the second law of thermodynamics is violated. The behaviour of the bulk viscous coefficient is decreasing in nature. So, the bulk viscous fluid has more significance in earlier epochs of the universe than the future. The generalised second law of thermodynamics states that the total entropy of the fluid components plus that of the horizon of the universe always increase or positive constant [88] . This implies the rate of change of entropy of the bulk viscous fluid and that of the horizon must be positive.
where S m is the entropy of the matter and S h is that of the horizon. The apparent horizon radius is defined as [89] .
The entropy together with apparent horizon is defined by [90] is
is the area of the apparent horizon. Using (14) and (29), we obtain 
Adding (52) and (55) 
.
Using the value of Hubble parameter and the energy density from (24) and (40), (56) reduces to 
From (57), we observe that 0 h m S S + ≥ for all 't'. This implies that the generalised second law of thermodynamics is valid throughout the evolution.
Conclusions
The usual Kaluza-Klein philosophy is to assume that the radius of the compactified circle is very, very small (by small, it means that radius is roughly, speaking, of the order the Planck length, 10 −33 cm). As per the KaluzaKlein dimensional reduction process, the three standard spatial dimension will be expanded and the extra dimension must reduce to a Planckian length. We have to find the range of n, so that our models should obey the KaluzaKlein dimensional reduction process. From Section 4, the cosmological model discussed with perfect fluid. We found that the time-dependent Hubble parameter and the time-dependent energy density, but the deceleration parameter is constant 1 . 2
The following observations are made from Sections 4 and 5: -The Hubble parameter is always positive and reduces as time increases, finally H → 0 as t → ∞ . Hence, we found that H > 0 and q < 0; therefore, our model is expanding and accelerating.
-For γ = 0, the energy density from (26) satisfied the null energy condition (NEC) (p + ρ ≥ 0), the weak energy condition (WEC) (ρ ≥ 0 and p + ρ ≥ 0, that is, the positive of the energy density for any observer at any point) does not satisfied as density (ρ < 0) is negative, whereas the strong energy condition (SEC) satisfied (p + ρ ≥ 0 and ρ + 3p ≥ 0) for
n < −1 and λ > 0, the WEC satisfied, whereas the SEC does not satisfied. -For γ = 1, the NEC, WEC, and SEC are satisfied if ρ > 0.
From (26), we observed that the energy density (ρ)
is positive for 1 1 3 n − − < < and −8π < λ < 0; n < −1 and λ > 0; n < −1 and λ < −8π. Hence, all the energy conditions are satisfied for the above range of n and λ. All energy conditions do not satisfied for λ > 0 and 1 1 .
the energy density ρ becomes negative for -We observed that a → a s , ρ → ∞ and | p | → ∞ , as t → t s , hence type-III singularity is observed. -The behaviour of the energy density from (30) , (31) , (33) , and (35) is same as the behaviour of the energy density obtained from (26) -From (38) , it is observed that the energy density is always positive for all time 't'. The model satisfies all the energy conditions for ). Finally, from the statefinder parameter, we observed that r < 1 and s < 1, which is different from the ∧CDM model.
